In this Letter, we 
Introduction -The ability to tailor optical scattering in anomalous and extreme ways, beyond what is achievable with conventional optical materials and structures, has been for several years one of the fundamental goals of optical metamaterials and nanophotonic systems [1] . Rapid progress in these fields has enabled the realization of a plethora of anomalous scattering effects, including invisibility [2] [3] [4] [5] [6] , ultra-sharp Fano scattering resonances [7, 8] , non-scattering anapole scatterers [9] [10] [11] [12] [13] [14] [15] [16] , and bound states in the continuum or embedded eigenstates [17] [18] [19] [20] [21] [22] . Scattering engineering plays a fundamental role in modern photonics research, for applications spanning from wavefront manipulation [23] and optical signal processing [24, 25] , to energy harvesting [26] and sensing [27] , to mention just a few. Indeed, enhanced light-matter interactions and low-energy optical signal processing require the realization of highly confined fields in small open cavities (comparable or smaller than the wavelength), avoiding energy loss in the form of radiation or scattering, with the goal of increasing the lifetime of a highly-confined optical state and its interaction with matter. This opportunity has motivated and renewed interest in the concept of nonradiating sources [28] , and has stimulated intense research efforts to realize optical scatterers supporting resonant field distributions that do not radiate. This growing area of research holds the potential to enable important advances in nanophotonics and quantum optics, for extreme light confinement in small open structures. Intriguingly, recent works (e.g., [9] [10] [11] [12] [13] [14] [15] [16] ) have discussed the possibility to observe and excite radiationless anapole modes supported by engineered scatterers.
In particular, Ref. [12] suggested that the excitation of an anapole state "illustrates a case where the reciprocity condition is not violated, and yet, a radiationless mode can be excited by external illumination." Some of these studies, however, have introduced a degree of confusion regarding the nature of these radiationless optical states and the implications of reciprocity in these problems.
In this Letter, we discuss the general problem of exciting radiationless field distributions, and offer some considerations aimed at clarifying these relevant concepts and the relation among the different optical states involving reduced scattering and radiation. Most of the issues at stake stem from the use of the term "mode" in relation to the radiationless anapole, a terminology used in several recent papers that we feel it is prone to create confusion. In the following, we show that the so-called "anapole" is not a natural eigenmode of an open cavity formed by the scattering object. In other words, the anapole is not a self-sustained oscillation of the cavity satisfying boundary conditions on its own without an incident field. It is, instead, a resonant distribution of fields (or polarization currents) that can be excited by a suitable impinging field distribution [ Fig.   1(a) ]. It just so happens that this combination of induced polarization (and/or conduction) currents does not sustain a scattered wave, similar to other nonradiating induced field distributions extensively studied in the context of invisible or "cloaked" bodies (see, e.g., [2] [3] [4] [5] [6] ). In contrast, we show that so-called "bound states in the continuum" or "embedded eigenstates", recently studied in several works [17] [18] [19] [20] [21] [22] , are actual examples of nonradiating eigenmodes of an open cavity, existing independently of the external field [ Fig. 1(b) ].
In general, the distinction between radiationless field distributions and radiationless eigenmodes is crucial when dealing with their excitation and reciprocity considerations. Anapoles vs. Embedded Eigenstates -In the interest of simplicity, we focus our analysis on spherically-symmetric objects, for which the scattering problem can be rigorously solved analytically using Mie theory [29] . For a dielectric nanosphere with radius a = 100 nm and refractive index n = 3.5, as considered in Ref. [12] , we plot in Fig. 1(c In particular, if the object is excited at the frequency of a scattering zero of 1 TM c , the induced polarization density distribution will be set up in a way that does not produce any net electric dipole moment. In other words, the scatterer is invisible for that specific spherical harmonic, even though the object is polarized by the excitation and the internal fields are non-zero, namely, the incident field induces a radiationless distribution of polarization fields and/or currents. For the lowest-frequency scattering zero in Fig. 1 (c), the scattering is dominated by the electric dipole contribution, and therefore the total scattering from the object can be made small at this frequency, which corresponds to the radiationless anapole condition. While this nonradiating polarization distribution can indeed be interpreted as arising from the cancellation of quasi-static Cartesian dipolar and toroidal contributions, as discussed in Ref. [9, 12] , we would like to stress that it is not different from any other scattering zero of the dipolar Mie coefficient, as observed in Fig. 1(c) along the wavelength axis, other than the fact that, given the long wavelength, all other multipolar scattering contributions happen to be small. In addition, while the zeros in Fig. 1 (c) are inherent to the scattering response of a uniform dielectric sphere, zeros at arbitrary frequency positions can be induced by covering the object with suitably tailored shells (for example, a plasmonic layer), as conventionally done in cloaking by scattering cancellation [3, 6] . Indeed, the radiationless anapole is physically and phenomenologically consistent with the large body of work on cloaked or lowscattering objects.
At this point, it is important to recognize that nonradiating scattering states, as in the case of anapoles and some cloaked states (e.g., [8] ), can produce very large internal fields, while at the same time the external scattering is suppressed. In fact, the absence of radiation loss may partially contribute to enhancing the stored energy associated with these fields. For this reason, nonradiating scattering states with large enough fields may indeed look like resonant modes, and therefore be confused with radiationless eigenstates of the open cavity. What is important to remark, however, is that the anapole or other cloaked states are not at all eigenmodes of the scattering structure.
Eigenmodes are self-sustained field distributions that correspond to the poles of the Mie scattering coefficients. Due to the presence of radiation loss, these poles are confined to the upper-half of the complex-frequency plane, as shown in Fig. 1(d) for the dipolar coefficient 1 TM c for the same dielectric sphere considered above. On the contrary, in order to exist, the anapole state requires the presence of an external excitation, since its field distribution cannot satisfy the boundary-value problem without the presence of external fields (more on this point below). In light of these considerations, and the calculations in Fig. 1 
(d), it is clear that the anapole state is not an eigenmode, and no self-sustained modal distribution of the dielectric sphere is radiationless (no pole sits on the real frequency axis).
In this context, it is relevant to highlight the analogies between the anapole state (scattering zero) in 2D/3D geometries and the common Fabry-Perot tunneling effect in a 1D dielectric slab resonator [30] . Indeed, at the Fabry-Perot zero, an incident wave can induce strong fields in the slab that do not perturb the impinging field distribution, offering zero reflections and full transmission. Similar to the anapole, this effect is also caused by interference between different partial waves (co-and counter-propagating waves), which do not produce net back radiation.
Indeed, for a dielectric object both the Mie scattering coefficients in 2D/3D and the reflection coefficient in 1D exhibit an alternation of zeros and peaks along the real frequency axis.
Importantly, in both cases, the internal fields are not necessarily minimized at the zeros.
Having established the difference between a nonradiating induced current distribution and a nonradiating eigenmode, it is indeed important to explore the possibility of exciting them by an external field, and the associated conditions imposed by reciprocity. In light of the above discussion, it is evident that being able to excite a radiationless field distribution like the anapole is not surprising: it simply requires exciting an object at the frequency of a scattering zero, as typically done in the context of cloaking devices [6] . In general, special excitations are not at all necessary to excite such radiationless field distributions, as long as the excitation contains (i.e., it is not orthogonal to) the relevant harmonic (a simple plane wave, which contains all spherical harmonics, would be sufficient to excite an anapolar field distribution). However, a suitably tailored excitation, like the one in Ref. [12] , targeting the excitation of the specific spherical harmonic of interest, may allow suppressing higher-order scattering contributions, which can be non-negligible at the frequency of the anapole when the size of the object is not too small compared to the wavelength. The presence of external incident fields is actually necessary to set up the nonradiating anapole distribution, which, as pointed out above, does not satisfy, on its own, the continuity of the tangential fields on the sphere boundary. To further clarify this issue, we plot in Fig. 2 (a) the electric-field vector distribution for a dielectric sphere illuminated by a plane wave, at the frequency of the radiationless anapole condition, on the central plane of the sphere. Not surprisingly, the incident wave is not perturbed by the presence of the scatterer, since we operate at a zero of the dominant dipolar scattering coefficient. Most importantly, by inspecting the field distribution on the surface of the sphere, it is evident that the internal anapolar fields would not be able to satisfy the condition of continuous tangential fields on the surface of the sphere, if the external field were zero! The incident field is absolutely necessary to satisfy this boundary condition. Indeed, as shown in our transient simulations reported in the following, an anapolar field distribution starts radiating as soon as the incident wave is switched off at a certain time instant, to compensate for the lack of excitation fields in the outside region. Particularly revealing is the comparison with an actual nonradiating eigenmode, for example the embedded eigenstate supported by the metallo-dielectric layered spheres considered in Ref. [20] . The corresponding electric-field vector distribution is shown in Fig. 2(b) at the frequency of the scattering zero near an embedded eigenstate. In this case, the internal electric field is almost purely radial on the surface of the spherical scatterer. Hence, the continuity condition of the tangential field components is satisfied even if the external fields are zero (also the continuity of the normal component of the displacement field is satisfied, even with zero external fields, 1
n n ε ε ⋅ = ⋅ = E E , because the permittivity of the outer shell is required to be zero at the embedded-eigenstate condition). Hence, unlike the anapole field distribution, an embedded eigenstate is indeed a nonradiating eigenmode of the system, existing independently of the external field. In addition, we stress that, although in Fig. 2(b) we have chosen to work at the frequency of a scattering zero, which is always present around a nearly-ideal embedded eigenstate, the embedded eigenstate itself does not imply only zero scattering, but the combined presence of a scattering pole and zero, which collide and cancel out at a real frequency in the ideal case [20] .
Role of Lorentz Reciprocity -To understand the role of electromagnetic reciprocity in the excitation of radiationless field/current distributions, consider the Lorentz reciprocity theorem applied to the general case in Fig. 3 : 
Eq. (2) 
As correctly pointed out in Ref. [12] , if a certain field distribution int E in a volume s V does not radiate, Lorentz reciprocity only requires the integral in Eq. (2) to identically vanish, whereas it does not imply that the nonradiating field distribution is zero everywhere inside the scatterer (in other words, it does not require the object to be an impenetrable system, such as a perfectly conducting cavity). This is consistent with the recent literature on cloaked objects, which support induced fields in the cloak and/or the object, but no scattering in the outside region. The situation is very different if the nonradiating field distribution int E corresponds to an eigenmode of the system, as in the case of embedded eigenstates.
Figure 3 -Geometry for the application of the Lorentz reciprocity theorem to a nonradiating current distribution 1 J . V indicates the entire (unbounded) volume.
To clarify the behavior of an ideal nonradiating eigenmode under a causal external excitation, and its implications in terms of reciprocity, it is preferable not to rely on a steady-state frequencydomain analysis, because steady state may never be reached for an eigenmode with infinite Q factor. Instead, a time-domain analysis avoids any confusion regarding steady-state operation. In Supporting Information, we show that, for a given temporal excitation, the field distribution inside a spherically-symmetric cavity can be expanded into a set of eigenmodes [31] [32] [33] [34] [35] [36] [37] [38] ( ) ( ) ( )
where n a are unknown coefficients that indicate how strongly a certain mode is excited by the impinging field distribution. The eigenvectors n E correspond to the eigenmodes of the scatterer, which can be shown to form a complete set inside canonical geometries, for example sphericallysymmetric material bodies [31] [32] [33] [34] [35] [36] [37] [38] . The eigenfrequencies n ω are generally complex due to the open nature of the considered system, and they correspond to the complex poles in Fig. 1(d) .
Embedded eigenstates represent a relevant exception, as their eigenfrequency n ω is purely real despite the system being open to radiation.
Without loss of generality, we choose a plane-wave square pulse of duration p T and central frequency ω , as an example of a causal incident field impinging on the scatterer. Intuitively, we expect that the incident field may excite the complex eigenstates of the scatterer as it impinges on it. Then, when the incident field leaves the object, the modal amplitude is expected to decay exponentially as the excited modes release the stored energy like harmonic oscillators damped by radiation loss. In Supporting Information, we show that, in the regime after the incident field has completely left the scatterer, the modal expansion coefficients are given by 
If we now assume that the n-th eigenmode of the system is non-radiating, namely, it is an embedded eigenstate, two things should be recognized: first, n ω becomes real, hence the real excitation frequency ω may be chosen to be exactly equal to n ω ; second, the spatial integral in (5), namely, the integral of a nonradiating polarization current times the incident field, becomes equal to the integral in (3), and it is therefore zero. This implies that the modal amplitude vanishes, These considerations indicate that, if a nonradiating field distribution corresponds exactly to an eigenmode of the scatterer (i.e., it is an embedded eigenstate), then the energy stored in the nonradiating eigenmode under an external causal illumination must be identically zero! If, instead, the eigenmode is not perfectly radiationless, the spatial integral in (5) is not exactly zero, and the modal amplitude evolves in time as As a relevant example, Fig. 4 shows the transient behavior for the same dielectric sphere as in Fig.   1 excited at its anapole frequency. The sphere is illuminated by a plane-wave pulse, whose wavefront intensity abruptly drops to zero, as shown in the time-snapshot of the field distribution in Fig. 4(a) (t1 = 0) . As long as the incident field impinges on the sphere, the scattering is low, consistent with the dipolar scattering zero in Fig. 1 . However, after the wave has completely left the scatterer, the anapole field distribution -which cannot satisfy the boundary conditions on the surface of the sphere on its own -starts radiating and rapidly decays in time. In about 2 µs, approximately half of the stored energy is released, as seen in Fig. 4(b) . This result confirms that the anapole state is nonradiative only in steady state, when a non-zero monochromatic incident field is present, whereas it rapidly decays due to radiation when the excitation vanishes. Moreover, in the case of an anapolar field distribution, which is not an eigenmode of the system, but is established by the interaction of different radiation-damped complex eigenmodes in the framework of Eq. (4) (like Fano resonances [39] ), the scatterer releases the stored energy as the superposition of multiple exponentially decaying oscillations at different frequencies.
Finally, we would like to briefly mention the interesting proposal of anapole-based nanolasers [15] . Both semi-classical and quantum laser theories [40] [41] [42] [43] require a system to have a well-defined mode with a pole (of the relevant scattering coefficient or S-matrix eigenvalue) in the complex plane. Exact (radiation and absorption) loss compensation due to the introduction of gain may move this pole onto the real frequency axis, which makes the system enter a selfsustained lasing regime [40, 41] . However, due to the nature of the anapole state as a zero, not a pole, of the scattering coefficient, an anapole state cannot be used, directly, to achieve lasing, whereas we expect the pole constellation around the anapole [as in Fig. 1(d) ] to be able to contribute to amplification and lasing if optical gain is suitably introduced in the resonant scatterer.
Conclusion -In summary, we have discussed the similarities and differences between two classes of radiationless scattering states, anapoles and embedded eigenstates, focusing in particular on the issue of exciting these field distributions in an open cavity and the implications of reciprocity. We have demonstrated that, in the case of an ideal embedded eigenstate, the radiationless mode cannot be excited at all by external sources, and the incident field, while entering the sphere, cannot induce the eigenstate fields, as a result of reciprocity. In other words, the polarization fields induced at the frequency of an embedded eigenstate are orthogonal to the embedded eigenstate fields, which, in a linear reciprocal system, cannot couple to external excitation. However, there is no limit to how close one can approach this nonradiating state in the lossless limit [17] [18] [19] [20] [21] [22] , implying that highly resonant fields may be excited in the strong proximity of the ideal embedded eigenstate condition. On the contrary, we have shown that the anapole is not an eigenmode of the scattering system; instead, it is an induced radiationless field distribution corresponding to a zero of the dipolar scattering coefficient. The anapole state is therefore nonradiative only in the presence of an external monochromatic incident field, and it decays into radiation when the excitation is switched-off. Hence, the external excitation of the anapole state is neither surprising nor challenging.
Given the generality of the discussed concepts of linear scattering theory and reciprocity, similar considerations on radiationless states directly apply to different realms of wave scattering physics, from electromagnetic and acoustic waves, to elastic and matter waves.
